By using the generalized Femi-Dirac distribution in the interpolation approximation [H. Hasegawa, arXiv:0904.2399], we have discussed magnetic and thermodynamical properties of nonextensive itinerant-electron (metallic) ferromagnets described by the Hubbard model combined with the Hartree-Fock approximation. Magnetic moment, energy, specific heat and spin susceptibility are calculated as functions of the temperature and entropic index q expressing the degree of the nonextensivity: q = 1.0 corresponds to the Boltzmann-Gibbs statistics. A comparison between the results calculated by the interpolation and factorization approximations has been made. It has been pointed out that the factorization approximation yields qualitatively inappropriate results for q < 1.0 and that it overestimates the effect of Stoner excitations for q > 1.0.
Introduction
Considerable works have been made on the nonextensive statistics since Tsallis proposed the generalized entropy (called the Tsallis entropy) [1] which is a oneparameter generalization of the Boltzmann-Gibbs entropy with the entropic index q: the Tsallis entropy in the limit of q = 1.0 reduces to the Boltzmann-Gibbs entropy (for a recent review, see [2] ). In recent years, much attention has been paid to an application of the nonextensive statistics to quantum phenomena, in which the generalized Bose-Einstein and Fermi-Dirac distributions (called q-BED and q-FDD hereafter) play important roles. The four methods have been proposed for q-BED and q-FDD: (i) the asymptotic approach (AA) [3] obtained the canonical partition function valid within O((q − 1)/k B T ), (ii) the factorization approach (FA) [4] employed the decoupling, factorization approximation in evaluating the grandcanonical partition function, (iii) the exact approach (EA) [5, 6] derived the formally exact expression for the grand canonical partition function expressed in terms of the Boltzmann-Gibbs counterpart, and (iv) the interpolation approximation (IA) [7] was proposed based on the EA, yielding results in agreement with those obtained by the EA within O(q −1) and in high-and low-temperature limits. Among the four methods, the FA has been mostly adopted in many quantum subjects including the black-body radiation [8, 9, 10] , early universe [11, 12] , the Bose-Einstein condensation [13, 14, 15] , metals [16] , superconductivity [17, 18] and spin systems [19] - [24] . This is due to a simplicity of the expression of the generalized distributions in the FA.
In a previous paper [25] (referred to as I hereafter), we have adopted the q-FDD in the FA for a study on the nonextensive itinerant-electron (metallic) ferromagnets described by the Hubbard model [26] , discussing the effects of the entropic parameter q on magnetic and thermodynamical properties. Quite recently it has been pointed out from a study of the AA and EA that the FA is not accurate, in particular the q-FDD yields an inappropriate result even qualitatively for q < 1.0 [7] . It is indispensable to examine the result in I by a new calculation with the IA and to make a comparison between the results of the FA and IA, which is the purpose of the present paper.
The paper is organized as follows. In Section 2, we briefly discuss the q-FDD in the IA [7] . Then we apply it to the itinerant-electron ferromagnets described by the Hubbard model combined with the Hartree-Fock approximation. Numerical calculations of magnetization, specific heat, spin susceptibility and Curie temperature have been made as functions of q and the temperature. In Section 3, we present qualitative discussions with the use of the generalized Sommerfeld low-temperature expansion for physical quantities. Section 4 is devoted to our conclusion.
Formulation

The interpolation approximation to the q-FDD
The IA has been proposed in [7] where the q-FDD is given by
with
where Γ(z) stands for the Gamma function and C denotes the Hankel path in the complex plane [5, 6] . The analytic expression of the q-FDD in the IA is given by [7] 
where e x q expresses the q-exponential function defined by
with the cut-off properties. f q (ǫ, β) given by Eqs. (4)- (8) reduces to f 1 (ǫ, β) in the limit of q → 1.0 where e x q → e x . In I [25] , we adopted the q-FDD in the FA given by [4] 
A comparison among the O(q − 1) contributions to the q-FDD in the EA, IA and FA is made in Table 1 . It is shown that f IA q (ǫ) agrees with the exact result within O(q − 1) [7] . In the limit of β → 0.0, f IA q (ǫ) and f q (ǫ), leads to the differences in the q-and temperature-dependent physical quantities, as will be discussed in the followings.
The Hubbard model 2.2.1 The Hartree-Fock approximation
We have considered in I, itinerant-electron (metallic) ferromagnets described by the Hubbard model given by [26] 
Here n iσ = a † iσ a iσ , a iσ (a † iσ ) denotes an annihilation (creation) operator of a σ-spin electron (σ =↑, ↓) at the lattice site i, ǫ 0 the intrinsic energy of atom, t ij the electron hopping, U the intra-atomic electron-electron interaction, B an applied magnetic field and µ B the Bohr magneton, With the use of the Hartree-Fock approximation, Eq. (12) becomes the effective one-electron Hamiltonian given bŷ
where the bracket · denotes the expectation value [Eq. (16)].
Magnetic moment
Self-consistent equations for the magnetic moment (m) and the number of electrons (n) per lattice site are given by [25] 
where ρ 0 (ǫ) denotes the density of states, ǫ k is the Fourier transform of t ij and N a the number of lattice sites: the plus and minus signs in Eq. (17) are applied to ↑-and ↓-spin electrons, respectively. From Eqs. (14)- (18), m and µ are self-consistently determined as a function of T for given parameters of q, n and U and density of state, ρ 0 (ǫ). We have performed model calculations bearing in mind Fe, which has seven d electrons and the ground-state magnetic moment of 2.2 µ B . By using a bell-shape density of states for a single band given by
we have adopted U/W = 1.75 and n = 1.4 electrons as in I [25] , W denoting a half of the total bandwidth. We have solved self-consistent equations (14)- (18) by changing q and T with the use of the Newton-Raphson method [25] . Fig. 2 shows the temperature dependence of the magnetic moment m for q = 0.8, 1.0 and 1.2 calculated by the IA and FA. For q = 1.2, the temperature dependence of magnetic moments becomes more significant and the Curie temperature becomes lower than for q = 1.0 in the IA. On the other hand, for q = 0.8, the temperature dependence of m becomes less significant and the Curie temperature becomes higher than for q = 1.0 in the IA. The behavior of m in the FA is quite different from that in the IA: the Curie temperature is more decreased both for q = 0.8 and 1.2 than for q = 1.0. This fact is more clearly seen in Fig. 3 , where T C is plotted as a function of q. The Curie temperature in the IA monotonously decreased with increasing q. In contrast, T C in the FA is almost symmetric with respect to q = 1.0 where we obtain the maximum value of k B T C /W = 0.143. If we adopt W ≃ 2.5 eV obtained by the band-structure calculation for Fe [27] , the calculated Curie temperature at q = 1.0 is T C ≃ 3500 K, while the observed T C of Fe is 1044 K [28] .
Energy and Specific heat
We calculate the energy per lattice site given by [25] 
from which the specific heat is given by
Analytic expressions for dm/dT and dµ/dT in Eq. (21) Figs. 4 shows the temperature dependence of the specific heat C for q = 0.8, 1.0 and 1.2, calculated by using the IA and FA. In the IA, C for q = 0.8 is smaller than that for q = 1.0. In contrast, C in the FA of q = 0.8 is larger than that of q = 1.0.
Spin susceptibility
The spin susceptibility is expressed by [25] 
from which the paramagnetic spin susceptibility is given by
Figs. 5 shows the temperature dependence of the inversed susceptibility 1/χ calculated by the IA and FA for q = 0.8, 1.0 and 1.2. The Curie temperature T C , which is realized at 1/χ = 0, is monotonously decreased with increasing q in the IA, which is different from its q dependence in the FA, as shown in Fig. 3. 
Discussion
It is possible to qualitatively elucidate the difference between the results calculated with the IA and FA. The generalized Sommerfeld expansion including an arbitrary function φ(ǫ) and the q-FDD f q (ǫ) is given by [7, 25] 
which is valid at low temperatures. Expansion coefficients for q = 1.0 are given by c 2,1 = π 2 /6 (=1.645), c 4,1 = 7π 4 /360 (=1.894), and c n,1 = 0.0 for odd n. The coefficients c n,q for n = 2 and 4 in the IA are given by [7] 
whereas c
Results in the IA is in agreement with those of the EA within O(q − 1) [7] , Table 1 shows a comparison of the (q − 1) contributions to c 1,q and c 2,q in the EA, IA and FA. The O(q − 1) contributions to c Figure 6 shows the q dependence of c n,q for n = 1 − 4 calculated by the IA and FA. We note that the q dependence of c 4,q is symmetric with respect to q = 1.0 whereas that in the IA is not. This is due to a lack of the symmetry in −∂f F A q (ǫ)/∂ǫ as shown in Fig. 1(b) . By simple calculations using Eqs. (14) , (15) , (20) , (26) , (29) and (30), we obtain the magnetic moment m(T ), the specific heat C at low temperatures and the Curie temperature T C,q given by [25] 
where
, and m(0) is the ground-state magnetic moment. Equations (35) and (37) lead to
Equations (38) and (39) show that with increasing c 2,q , the low-temperature electronic specific heat is increased and the Curie temperature is decreased, which are consistent with the results shown in Figs. 3, 4 and 6. The coefficient of c 2,q expresses the contribution from the Stoner excitations, which play important roles in magnetic and thermodynamical properties of itinerant-electron ferromagnets. The difference in the expansion coefficients in the IA and FA reflects on the difference in the q dependence of the physical quantities calculated by the two kinds of approximations.
Conclusion
By using the interpolation approximation to the q-FDD [7] , we have discussed magnetic and thermodynamical properties of nonextensive itinerant-electron ferromagnets described by the Hubbard model combined with the Hartree-Fock approximation. Our calculation has shown that an increase in the nonextensivity of q from q = 1.0 leads to an increased Stoner excitations, which induces more decrease in the magnetization, a more reduction of the Curie temperature and a more increase in the specific heat at low temperatures. On the other hand, a decrease in the nonextensivity from unity yields the opposite results. A comparison between the results obtained by the IA and FA has shown that (i) the FA yields qualitatively different results from those of the IA for q < 1.0 and (ii) the effect of Stoner excitations in the FA for q > 1.0 is much overestimated than that in the IA. These facts imply that the FA is not appropriate for a study of nonextensive fermion systems, in accordance with the conclusion in Ref. [7] . 
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